Introduction
This paper is devoted to studying a few variants of L 2 − L 2 type Carleman estimates for Baouendi Grushin operators B γ as defined in (1.4) below with applications to quantitative uniqueness and strong unique continuation.
Precisely, in R N , with N = m + k, we study strong unique continuation for equations of the form
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with appropriate assumptions on f as in (2.20) below and where z ∈ R m , t ∈ R k , and the vector fields X 1 , ..., X N are given by X i = ∂ z i , i = 1, ...m, X m+j = |z| γ ∂ t j , j = 1, ...k, γ > 0. (1.3)
We note that the operator on the left-hand side of (1.1) is the well known Baouendi-Grushin operator given by (1.4)
which is degenerate elliptic along the k-dimensional subspace M = {0} × R k . We observe that B γ is not translation invariant in R N . However, it is invariant with respect to the translations along M . When γ = 1 the operator B γ is intimately connected to the sub-Laplacians in groups of Heisenberg type. In such Lie groups, in fact, in the exponential coordinates with respect to a fixed orthonormal basis of the Lie algebra the sub-Laplacian is given by (1.5)
where b ℓ ij indicate the group constants. If u is a solution of ∆ H that further annihilates the symplectic vector field k ℓ=1 ∂ t ℓ i<j b ℓ ij (z i ∂ z j − z j ∂ z i ), then we see that, in particular, u solves (up to a normalization factor of 4) the operator B γ obtained by letting γ = 1 in (1.4) above.
We note that a more general class of operators modeled on B γ was first introduced by Baouendi, who studied the Dirichlet problem in weighted Sobolev spaces in [Ba] . Subsequently, Grushin in [Gr1] , [Gr2] studied the hypoellipticity of the operator B γ when γ ∈ N, and showed that this property is drastically affected by addition of lower order terms. Remarkably, the operator B γ also played an important role in the recent work [KPS] on the higher regularity of the free boundary in the classical Signorini problem. Now in order to put things in the correct historical perspective, we would like to mention that for general uniformly elliptic equations, there are essentially two known methods for proving strong unique continuation:
a) The first one is based on Carleman inequalities and these are essentially appropriate weighted versions of Sobolev/Poincare type inequalities. This method was first discovered by T. Carleman in his fundamental work in 1939 using which he showed that strong unique continuation holds for equations of the type
in R 2 . Such estimates were then extended to uniformly elliptic operators in higher dimensions with C 2 principal part by Aronzsajn in his pioneering work [A] in 1957 and subsequently in [AKS] for uniformly elliptic equations with borderline Lipschitz regularity assumption on the principal part. Over here, we note that unique continuation in general fails with Hölder regularity assumption on the principal part. This later fact follows from a deep counterexample due to Plis. ( see [Pl] ).
b) The second approach came up in the works of Garofalo-Lin in 1986 (see [GL1] , [GL2] ) which is instead based on the almost monotonicity of a generalized frequency function introduced by Almgren in [Al] . Using this approach, they were able to obtain new quantitative information on the zero set of solutions to divergence form elliptic equations and in particular, their results encompassed that of [AKS] .
The study of strong unique continuation for B γ was first initiated by the second named author in [G] where he introduced a Almgren type frequency function associated with B γ , and proved that such frequency is monotone nondecreasing on solutions of B γ = 0. Such result was used to establish the strong unique continuation property for B γ . The results in [G] were extended to more general variable coefficient equations by the second named author and Vassilev in [GV] . We also note that a version of the Almgren type monotonicity formula for B γ has also played an extensive role also in the recent work [CSS] on the obstacle problem for the fractional Laplacian.
In the special case when γ = k = 1, we refer to the work [GS] for strong unique continuation results for (1.1) with potentials V satisfying appropriate integrability assumptions where instead Carleman estimates are used. However the proof of such estimates are quite involved and are based on fairly deep boundedness properties of certain projector operators established in the same paper. We also refer to the recent work [BM] where using such projector operator estimates, a new L 2 − L 2 type Carleman estimate is derived using which the authors deduce strong unique continuation when the potential V satisfies Hardy type growth assumption. Now given the pervasive role played by Carleman estimates in the theory of strong unique continuation for uniformly elliptic operators as can be seen from some of the well known works in the past such as [A] , [AKS] , [ChS] , [JK] , [KT] to name a few, in this paper we provide a contribution in this direction by establishing a new L 2 − L 2 type Carleman estimate for B γ with singular weights ( see (2.15) below) analogous to that in [A] and [AKS] . To the best of our knowledge, there are no Carleman estimates known in the literature for general BaouendiGrushin operators B γ prior to this work which implies strong unique continuation except when γ = k = 1 as mentioned above. Subsequently we turn our attention to the question of quantitative uniqueness for non-trivial solutions to (1.1) where the potential V satisfies the bound in (2.16) below. By deriving a certain refined Carleman estimate as in Theorem 3.4 below, we obtain sharp vanishing order estimate for non-trivial solutions to (1.1) ( see Theorem 2.12 below) which generalizes the quantitative uniqueness result of Bourgain and Kenig for
We refer the interested reader to the Remarks 2.13 and 2.14 below for a brief account on the theory of quantitative uniqueness for uniformly elliptic equations. Finally, given some of the recent developments in the unique continuation theory for sublinear equations associated to uniformly elliptic operators as dealt in the interesting papers [SW] and [Ru] , we then study the question of strong unique continuation for degenerate sublinear equations of the type (2.19). By deriving a Carleman estimate for certain sublinear operators associated to B γ as in Theorem 3.6 below, we establish strong unique continuation property for such equations under structural assumptions on the sublinearity f as in (2.20) below ( see Theorem 2.12 below). Over here, we would like to mention that our proof of Theorem 2.12 when restricted to the Euclidean setting ( i.e. when k = 0) also simplifies the proof in [Ru] when the principal part is ∆ in R m .
As the reader will see, the proofs of Theorems 2.7, 2.12 and 2.15 are made possible by the combination of several quite non-trivial geometric facts that beautifully combine, some of which are based on the previous works [G] and [GV] . We are convinced that the set of ideas and insights in this paper are robust and versatile and would foster further developments in the unique continuation theory for B γ and other degenerate elliptic operators.
The paper is organized as follows. In Section 2, we introduce relevant notions, gather some known results and then state our main results. In Section 3, we prove our main results Theorem 2.7, Theorem 2.12 and Theorem 2.15.
Notations and preliminary results
Henceforth in this paper we follow the notations adopted in [G] and [GV] , with one notable proviso: the parameter γ > 0 in (1.3), etc. in this paper plays the role of α > 0 in [G] and [GV] . The reason for this is that we have reserved the greek letter α for the powers of the singular weights in our Carleman estimates below. Let {X i } for i = 1, ...N be defined as in (1.3). We denote an arbitrary point in R N as (z, t) ∈ R m × R k . Given a function f , we denote
respectively the intrinsic gradient and the square of its length. We recall from [G] that the following family of anisotropic dilations are associated with the vector fields in (1.3)
We denote by dzdt the Lebesgue measure in R N . Since d(δ a (z, t)) = a Q dzdt, therefore we note that the number Q plays the role of a dimension in the analysis of the operator B γ . For instance, one has the following remarkable fact (see [G] ) that the fundamental solution Γ of B γ with pole at the origin is given by the formula
where ρ is the pseudo-gauge
We respectively denote by
the gauge pseudo-ball and sphere centered at 0 with radius r. The infinitesimal generator of the family of dilations (2.2) is given by the vector field
We note the important facts that
A function v is δ a -homogeneous of degree κ if and only if Zv = κv. Since ρ in (2.4) is homogeneous of degree one, we have
We also need the angle function ψ introduced in [G] (2.8)
The function ψ vanishes on the characteristic manifold M = R n × {0} and clearly satisfies 0 ≤ ψ ≤ 1. Since ψ is homogeneous of degree zero with respect to (2.2), one has (2.9) Zψ = 0.
Henceforth, for any two vector fields U and W , [U, W ] = U W − W U denotes their commutator.
In the next theorem we collect some important identities from [G] .
Theorem 2.1. There exists a constant C(γ, N ) > 0 such that for any function u one has:
Now we state the relevant Hardy type inequality which is crucially needed in the proof of our Carleman estimate. This essentially follows from the proof of Corollary 4.1 in [G] .
For every ℓ ∈ R, with ℓ = Q, one has
Proof. Using (2.7), we obtain that
Now by applying divergence theorem and by using Theorem 2.1 we get that
Note that in (2.11), we crucially used (2.7) and (2.9). Now subtracting off the following integral Q ℓ u 2 ρ ℓ ψdzdt from both sides of (2.11), the conclusion follows by an application of Cauchy-Schwartz inequality.
Note that the apriori inequality above fails for ℓ = Q as is well known in the Euclidean case when Z equals < x, ∇ >. However the following weaker inequality holds in the case when ℓ = Q which we need in the proof of our refined estimate in Theorem 3.4.
Proof. Since u is supported in B R \ B aR , we have that
The claims thus follows. Note that in the second inequality above, we used the Hardy inequality with ℓ = Q + 1 and in the third inequality, we used the fact that since u is supported in {aR < ρ < R}, therefore 1 ρ ≤ 1 aR Statement of our main results. Before we state our main result, we first recall the well known Carleman estimate due to Aronszajn ( see [A] ). See also [AKS] for the corresponding generalization of this estimate below to second order uniformly elliptic operators with Lipschitz principal part.
Theorem 2.4. There exists C = C(n) > 0 such that for every α > 0 sufficiently large, and
where r = |x|.
It is well known that such an estimate implies strong unique continuation for uniformly elliptic equations with lower order terms having appropriate growth assumptions. We now define the relevant function space that is repeatedly used in our work.
Definition 2.5. For a given domain Ω, we denote by S 2,2 (Ω), the completion of
In our discussion, the space S 2,2 0 (Ω) would instead refer to the completion of C ∞ 0 (Ω) under the norm above.
We also recall the following notion of vanishing to infinite order. Definition 2.6. We say that u vanishes to infinite order at the origin (0, 0), if
Now, we state our Carleman estimate for B γ which is analogous to the corresponding estimate in (2.13) above for the Euclidean Laplacian ∆.
Theorem 2.7. For every ε > 0, there exists C = C(m, k, ε) > 0 such that for every α > 0 sufficiently large and u ∈ S 2,2
To the best of our knowledge, the Aronszajn type Carleman estimate (2.15) above is new for general Baouendi-Grushin operators. Only in the case when γ = 1, k = 1, the estimate (2.15) follows from the estimate in Theorem 3.2 in [BM] which also holds for ε = 0. However the proof of such an estimate in [BM] relies on deep L 2 − L 2 type estimates for appropriate projection operators previously established in [GS] . Now similar to the Euclidean case, it follows from the methods in [BM] , [G] , [GS] that the following strong unique continuation result is implied by the estimate (2.15) above.
Corollary 2.8. Let u ∈ S 2,2 (B R ) be a solution to
for some δ > 0. Then if u vanishes to infinite order at (0, 0) in the sense of Definition (2.6), then u ≡ 0.
A few remarks in order.
Remark 2.9. Over here we would like to mention that a somewhat different Carleman estimate with exponential radial weights has been previously established in Theorem 3.1 in [G] . However using such an estimate, only a weaker version of unique continuation can be proved.(See Theorem 3.2 in [G] ) Remark 2.10. It remains to be seen whether one can take δ = 0 in the above corollary which in particular will imply the validity of strong unique continuation for stationary Schrödinger equations associated with B γ with Hardy type potentials. Such is known only when γ = 1, k = 1 as recently established in [BM] . However as previously mentioned, the proof in [BM] relies on the validity of the estimate (2.15) when ε = 0. This doesn't follow from our L 2 methods based on integration by parts as described in Remark 3.2 below. The proof of such an estimate with ε = 0 even in this special case relies on harmonic analysis methods developed in [GS] and is significantly more involved compared to our argument for Theorem 2.7 which is rather based on integration by parts and a Rellich type identity. In a related direction, it remains to be seen whether the treatment in [GS] and [BM] can be extended to general Baouendi-Grushin operators which appears to be a very challenging open problem.
Remark 2.11. The reader should note that the strong unique continuation result stated in Corollary 2.8 follows from the work of the second named author in [G] where instead frequency function approach is used. We nevertheless stated such a result as a corollary in order to show an application of our Carleman estimate. Similar to that for uniformly elliptic operators, this gives a different viewpoint on the strong unique continuation theory for such degenerate elliptic operators.
Subsequently we establish a variant of the estimate (2.15) as in Theorem 3.4 below using which we obtain a sharp quantitative uniqueness result for equations with bounded potentials as stated in Theorem 2.12 below. This can be thought of as the subelliptic analogue of the corresponding quantitative uniqueness result of Bourgain and Kenig for the Euclidean Laplacian (see [BK] ). We also refer to the work of Bakri (see [Bk1] ) for the generalization of the quantitative result of Bourgain and Kenig to Laplace Beltrami operators on compact manifolds. Theorem 2.12. Let u ∈ S 2,2 (B R ) be a solution to (1.1) in B R where V satisfies
We furthermore assume that |u| ≤ K 0 . Then, there exist a universal a ∈ (0, 1/9) and R 0 > 0 depending also on R and constants C 1 , C 2 depending on m, k, γ, K 0 and B R 0 4 u 2 ψ, such that for all 0 < r < aR 0 one has
Remark 2.13. It is worth emphasizing that, when k = 0, we have N = m and then (2.8) below gives ψ ≡ 1. In such a case the constant K in (2.16) above can be taken to be ||V || L ∞ . We thus see that Theorem 2.12 then reduces to the cited Euclidean result in [BK] and [Bk1] . Therefore, Theorem 2.12 can be thought of as a subelliptic generalization of this sharp quantitative uniqueness result for the standard Laplacian. We note that the sharpness of this estimate follows from counterexamples due to Meshov. (see [Me] )
Remark 2.14. We also note that when V additionally satisfies |ZV | ≤ Kψ then the following estimate has been established in [BG1] for solutions to (1.1) using a variant of the frequency function approach introduced by Kukavica in [Ku] .
.
The reader should note that for Laplace Beltrami operators on manifolds, the counterpart of such an estimate was first established by [Bk] using Carleman estimates. The result of Bakri can be thought of as a generalization of the sharp vanishing order estimate of Donnelly and Fefferman ([DF1] ) for eigenfunctions on compact manifolds where the authors showed that an eigenfunction u on a compact manifold corresponding to eigenvalue λ has vanishing order proportional to √ λ. This order of vanishing is sharp. If, in fact, we consider M = S n ⊂ R n+1 , and we take the spherical harmonic Y κ given by the restriction to S n of the function f (x 1 , ..., x n , x n+1 ) = ℜ(x 1 + ix 2 ) κ , then one has ∆ S n Y κ = −λ κ Y κ , with λ κ = κ(κ + n − 2), and the order of vanishing of Y κ at the North pole (0, ..., 0, 1) is precisely κ = C √ λ κ . Finally we note that the result of Bakri was reproved by [Zhu] for Euclidean Laplacian using the variant of the frequency function approach of Kukavica as mentioned above. Kukavica's approach was later on extended in [BG] to more general elliptic equations with Lipschitz principal part where a certain boundary version of the vanishing order estimate was established as well. We finally refer to the paper [Ru1] for an interesting generalization of the quantitative uniqueness result of Bakri to fractional elliptic equations and also to [B] for generalization to Carnot groups of arbitrary step.
We finally study strong unique continuation for sublinear equations of the type
where f and its primitive F satisfies the following assumptions which are analogous to the ones in [Ru] and [SW] for the uniformly elliptic case.
(2.20)
We note that the first and the last condition in (2.20) implies that for some constant c 0 , c 1 , we have that
c i (z, t)|u| q i −2 u, where for each i, q i ∈ (1, 2), 0 < k 0 < c i < k 1 and |∇c i | < K for some k 0 , k 1 and K. In this case, we can take q = max{q i } and p = min{q i }. Now unique continuation properties for uniformly elliptic sublinear equations of the type
where f satisfies the assumptions in (2.20) has been recently studied in the interesting papers [SW] and [Ru] . More precisely, weak unique continuation properties for such sublinear equations were first established by Soave and Weth in [SW] using Almgren's frequency function approach. Subsequently, Ruland in [Ru] established the strong unique continuation property for such equations. In this work, we generalize Ruland's result to degenerate elliptic equations of the type (2.19). Our strong unique continuation result for (2.19) can be stated as follows.
Theorem 2.15. Let u ∈ S 2,2 (B 1 ) be a solution to (2.19) in B 1 where f satisfies the bounds in (2.20) and V satisfies (2.21). Furthermore, assume that ||u|| L ∞ (B 1 ) ≤ 1. Then if u vanishes to infinite order at (0, 0) in the sense of Definition 2.6, then u ≡ 0.
Remark 2.16. The reader should note that the assumption on the sign of f, F in (2.20) is not restrictive because even in the Euclidean case, the strong unique continuation result fails when f = −|u| q−2 u and A = I. This follows from a one dimensional counterexample as in [SW] .
Proof of the main results

Proof of Theorem 2.7.
Proof. First by a limiting type argument, it suffices to establish the estimate when u is smooth. Let v = ρ −β u. Then we have that
where β is to be determined later (β would finally depend on α and Q!). Then we have that
Now, we calculate first two terms of the right hand side of the above equation. It follows from [G] that
and,
Note that in (3.1) above, we used the elementary but nonetheless important fact that
Therefore,
Before proceeding further, we make the following discursive remark.
Remark 3.1. From now on unless otherwise specified, we will be following the Einstein notation for summation over repeated indices. Now using (a + b) 2 ≥ a 2 + 2ab with a = 2βρ β−2 ψZv and with b being the rest of the terms on (3.3) above, we obtain
Hence,
Now by applying integration by parts to the integral
we get using (2.7) and (2.9) that the following holds,
Now, by making the choice
we obtain from (iii) in Theorem 2.1 that
Before we proceed further, note that with our choice of β corresponding to α as in (3.6), the last integral in (3.4), i.e.
Now in order to estimate this integral, we use the following Rellich type identity( see for instance Lemma 2.11 in [GV] :)
where G is any smooth vector field. Now from Theorem 2.1 we have that div X i = 0. Moreover since v is compactly supported in our situation, the boundary terms in (3.8) don't appear ( say by taking r large enough). Therefore with G = ρ −Q+2 Z, we obtain
We next note that using Theorem 2.1 we have
Hence using (3.2), we have
Since Q ≥ 2, therefore from (3.9) and (3.10) we can deduce that the following holds,
Therefore, by combining (3.4), (3.7) and (3.11), we finally obtain that (3.12)
On the other hand, by using the Hardy inequality in Theorem 2.2, we obtain that the first integral in the left-hand side of (2.15) can be controlled from above in the following way,
Thus, we obtain
Finally, we show how to incorporate the integral B R ρ −2α−2+ǫ |Xu| 2 in the left hand side of (2.15) by a standard interpolation type argument.
We have by integration by parts,
Now we look at each individual term in the right hand side of (3.14). We have
Since α ∼ β, therefore by using Cauchy-Schwartz inequality we obtain
where in the last inequality we used the estimates (3.12) and (3.13).
Next we consider the term B γ (ρ β v)ρ β−2α−2+ǫ v. which can be estimated by using CauchySchwartz inequality as follows
where in the last inequality we used (3.13) with ε replaced by 2ε. Therefore from (3.14) , (3.16) and (3.17) we obtain
The estimate (2.15) now follows from (3.13) and (3.18).
Remark 3.2. The lack of validity of the Hardy inequality in Lemma 2.2 for ℓ = Q is precisely why we cannot take ε = 0 in (2.15).
3.2. Quantitative uniqueness. Before we proceed with the proof of our quantitative uniqueness result, we first state and prove a Caccioppoli type energy inequality which constitutes one of the important ingredients.
Lemma 3.3. Let u be a solution to (1.1) where V satisfies (2.16). Then the following estimate holds for any R > 0 and 0 < a < 1, (3.19)
for some universal C.
Proof. Let f : R → R be a smooth cut off such that f ≡ 1 for |x| ≤ (1 − a)R and vanishes outside |x| ≥ R. Then we have that
in the weak formulation for u, we obtain by using (2.16) that the following inequality holds
Now by applying Cauchy Schwartz inequality and also by using the fact that |Xρ| 2 = ψ we obtain
By subtracting off the first integral in the right hand side of (3.22) from the left hand side in (3.21), we obtain that the desired conclusion follows by using bounds on f ′ as in (3.20) and also by using the fact that f (ρ) ≡ 1 in B (1−a)R .
We now state and prove a refined Carleman estimate of Bourgain-Kenig type ( see also Corollary 2.4 in [Bk1] ) which is the key ingredient in the proof of Theorem 2.12.
Theorem 3.4. Let 0 < ε < 1 be fixed. Then there exists R 0 > 0 universal depending also on ε, such that for any V satisfying (2.16), u ∈ S 2,2 0 (B R \ B aR ) for R ≤ R 0 , there exists universal C, C 1 > 0 depending also on a, ε such that the following estimate holds for all α ≥ C 1 (K 2/3 + 1)
(3.23)
Remark 3.5. We note that the estimate (3.13) only allows
to be bounded from above by
This is precisely the reason as to why we work with the modified weights similar to the Euclidean case which has an additional exponential term. This precisely accounts for the O(α 3 ) factor in front of the integral ρ −2α−4+ε u 2 e 2αρ ǫ ψ dzdt in the estimate (3.23) above.
Proof. The proof is divided into two steps.
Step 1: . We first show that
for someC universal depending also on ε, a. Again by a limiting argument, we may assume that u is smooth. As before, let v = ρ −β e αρ ǫ u where β is as in (3.6).
In terms of u we have that u = ρ β e −αρ ǫ v,
. We now write
By a standard calculation we obtain
and similarly we have
We now note that in (3.25), for large enough α, β, we have
Therefore by using the trivial inequality (a + b) 2 ≥ a 2 + 2ab with a = 2ψZv βρ β−2 e −αρ ǫ and now with b being the rest of the terms in the right hand side of (3.27) , we obtain by using (3.28) that for all R small enough, the following holds,
Note that in (3.29) we also used that for ρ ≤ R and R small enough depending also on ε, we have
Now with our choice of β as in (3.6), we conclude as before as in the proof of Theorem 2.7 that
Next using integration by parts we observe that the following integral in (3.29)
can be estimated as follows
Similarly by integrating by parts, we observe that the last integral in (3.29), i.e. the term
can be upper-bounded in the following way. We have
Now if R is small enough, then we can ensure that (3.33) ≥ 2 × |(3.34)|, so that
Moreover from Lemma 2.3 we also obtain that (3.36) 3β
where C additionally depends on a. This is precisely the place where we use u and hence v is supported in B R \ B aR . The desired estimate thus follows from (3.29), (3.31), (3.32), (3.35) and (3.36) since α ∼ β.
Step 2: Now we show that there exists C 1 > 0 such that for α ≥ C 1 (K 2/3 + 1) (3.37) we have
(3.38)
for some C universal depending also on a, ε and where V satisfies (2.16). This follows from (3.24) in a straightforward way by noting that from the growth assumption of V as in (2.16), we get by using (a + b) 2 ≥ 1 2 a 2 − 4b 2 that the following holds
Now if C 1 in (3.37) is chosen large enough depending onC as in (3.24), then we can ensure that the following holds
Consequently, we can now infer from (3.24) that the following inequality holds (3.40) This implies that
from which the desired estimate (3.38) follows by applying the estimate (3.24) in Step 1. This completes the proof of the theorem.
Now with the estimate in Theorem 3.4 in hand, we can now proceed with the proof of Theorem 2.12.
Proof of Theorem 2.12. We now adapt an euclidean argument as in [Bk1] . For a given R 1 < R 2 , A R 1 ,R 2 will denote the annulus B R 1 \ B R 2 . Let R 0 be as in Theorem 3.4 and let 0 < R <
As in the proof of the energy estimate in Lemma 3.3, we can take φ to be of the form f (ρ) and therefore we can ensure that
Then from the estimate (3.23) applied to uφ, we obtain by using the equation (1.1) satisfied by u that the following inequality holds,
Now by using (3.41) and (3.42) we obtain that ||ρ −α−2 e αρ ε uψ 1/2 || R/3,3R/2 ≤ C ||ρ −α−2 e αρ ε uψ 1/2 || R/4,R/3 + ||ρ −α−2 e αρ ε uψ 1/2 || 3R/2,5R/3 (3.44)
where we denote by ||f || R 1 ,R 2 , the L 2 norm of f in the annulus A R 1 ,R 2 . Now by minorizing the integral in the left hand side of (3.44) over the set A R/3,R we obtain that
Now let h(r) = r −α−2 e αr ε
Then one can easily check that for r small enough ( say r ≤ R 0 for R 0 small enough), one has that h is decreasing in r and moreover one has that for some universal
Therefore by using (3.46), we obtain from (3.45) that the following unweighted estimate holds,
Now by using the Caccioppoli estimate as in Lemma 3.3 we obtain that
Therefore by adding ||uψ 1/2 || R/3 to both sides of (3.47) and by using (3.48), we obtain for a different universal C and some new C 4 , C 5 > 1 that the following holds,
At this point, we choose α sufficiently large such that additionally the following holds
and then by a standard real analysis argument as in (2.47) -(2.49) on page 12 in [Bk1] we obtain that for some universal K 2 , M > 0 which also depends on K 0 as in Theorem 2.12 such that the following holds,
Note that the estimate (3.50) is analogous to the estimate (4.10) in [BG1] with K 1/2 instead of K 2/3 . Therefore at this point we can repeat the standard iterative argument as in Section 4 in [BG1] to conclude the validity of the estimate (2.17) in Theorem 2.12.
3.3. Strong unique continuation for sublinear degenerate elliptic equations. We now turn our attention to the proof of Theorem 2.15. Similar to Theorem 2 in [Ru] , we need the following Carleman estimate.
Theorem 3.6. Let 1 < q < 2 and let f satisfy the assumptions in (2.20). Then for every ε > 0, there exists C = C(m, k, ε, λ, q, K, κ, c 0 ) > 0 such that for every α > 0 sufficiently large and u ∈ S 2,2 0 (B R \ {0}) with supp u ⊂ (B R \ {0}), one has
Proof. The proof is similar to that of Theorem 2.7 except that we additionally exploit the intrinsic nature of the sublinearity f ((z, t), u) and the structural assumptions as in (2.20). As before, we let u = ρ β v where α and β are related as in (3.6). In terms of v, we have that
Now again the integral
is estimated from below by using (a + b) 2 ≥ a 2 + 2ab, with a = 2βρ β−2 ψZv and b being the rest of the terms in (3.52). In this case, we note that all the other terms ( with the exception of (3.53) below) are handled in the same way as before and therefore we only need to focus our attention on the following additional term which is incurred due to the presence of the additional term f ((z, t)ρ β v)ψ in (3.52) ( that is not present in (3.3) !), i.e.
(3.53) 4β
Now from the fact that F is the "s−antiderivative" of f we have
Note that in (3.54) above, we used the fact that Zρ β = βρ β . Then by using (3.54) we obtain
Now from the third condition in (2.20) we have
and the fourth condition in (2.20) implies (3.57) < ∇ z,t F, Z >≤ C 2 F Therefore by using (3.56) and (3.57) in (3.55) we obtain
Now the first term in the right hand side of (3.58), i.e. the integral
is handled by integration by parts in the following way. So we have
We note that over here we used (3.6) to assert that
Now since q < 2, by using (3.58) and (3.59) and (2.22) we obtain that
≥ O(β 2 ) ρ −2α−2 |u| q ψ 2 , for large enough β and this accounts for the second term in the left hand side of (3.51). Note that in the last inequality above, we used (2.22). This completes the proof of the theorem.
With the estimate (3.51) in hand, we now proceed with the proof of Theorem 2.15.
Proof of Theorem 2.15. With u as in the hypothesis of Theorem 2.15, we let
where φ ε is a smooth cutoff such that (3.61) φ ε (z, t) ≡ 1, when ε < ρ(z, t) ≤ 1 2 φ ε ≡ 0, when ρ(z, t) ≤ ε 2 or ρ(z, t) > 1 Then by using the equation (2.19) satisfied by u we have that B γ u ε + f ((z, t), u ε )ψ = 2 < Xu, Xφ ε > +uB γ φ ε + ψ (f ((z, t), u ε ) − f ((z, t), u)φ ε ) − V u ε Then by applying the the Carleman estimate as in (3.51) with u ε ( and R = 1) we obtain α 2 ρ −2α−4+δ u 2 ε ψ + ρ −2α−2 |u ε | q ψ 2 dzdt (3.62)
Now we note that if α is large enough, then the last integral in the right hand side of (3. ε , |B γ φ ε | ≤ Cψ ε 2 , when ε 2 < ρ(z, t) < ε |Xφ ε | ≤ Cψ 1/2 , |B γ φ ε | ≤ Cψ, when 1 2 < ρ(z, t) < 1 for some universal C. Next Now from the vanishing to infinite order property of u and Xu, we can assert by using the bounds for φ ε as in (3.64) that (3.65) Bε\B ε/2 ρ −2α (|Xu| 2 |Xφ ε | 2 ψ −1 + u 2 |B γ φ ε | 2 ψ −1 + u 2 ε ψ + (f ((z, t), u ε ) − f ((z, t), u)φ ε ) 2 ψ) → 0, as ε → 0
Bε\B ε/2 ρ −2α−4+δ u 2 ε ψ + ρ −2α−2 |u ε | q ψ 2 → 0, as ε → 0 Therefore we can let ε → 0 in (3.62) and consequently obtain for u 0 = uφ 0 ( where φ 0 is the pointwise limit of φ ε ) that the following inequality holds, ρ −2α−4+δ u 2 0 ψ + ρ −2α−2 |u 0 | q ψ 2 dzdt (3.66)
Now we note that the integrals in the right hand side of (3.66) are only supported in the region {1/2 < ρ(z, t) < 1}. Consequently, by minorizing the integral in the left hand side of (3.66) over At this point, by dividing both sides by 4 2α+2 and then by letting α → ∞, we obtain that u ≡ 0 in B 1/4 . Now since the operator B γ is translation invariant in the variable t, therefore by a standard argument we obtain that u ≡ 0 for |z| < 1 4 . Now for |z| > 1 4 , we note that the operator B γ is uniformly elliptic with Lipschitz coefficients and consequently by applying the results from [Ru] and [SW] , we can finally deduce that u ≡ 0 in B 1 .
Remark 3.7. The reader should note that by using the Carleman estimate in (3.51), our proof can also be adapted to yield strong unique continuation for unbounded potentials V satisfies the following bound |V (z, t)| ≤ Cψ ρ 2−δ for some δ > 0.
